NOTES ON CONVERGENCE OF THE FOURIER SERIES
PAWEL JAN PISKORZ

ABSTRACT. Our notes contain a way to prove the point convergence of
any Fourier series of a piecewise periodic continuous smooth function.
The key technique we use is the computation of the limit of the partial
sum of the Fourier series. To achieve that result we apply integration
with substitution of variables and the Dirichlet integral value.

1. INTRODUCTION

Let us consider partial sum sy(z) of the Fourier series

N
(1.1) sy(x) = %+Z(akcosk:ﬂ—l—bksinkx)
k=1
where
1 ™
(1.2) ap = —/ f(z) cos kx dx
™ —T

for k=0,1,2,...,N
1 ™

(1.3) b = —/ f(z)sinkx dz
™ -

fork=1,2,..., N.
Substituting the expressions for the Fourier coefficients we obtain

1

(1.4) sy(x) = %/W f(t)dt+ — [/W f(t) cosktdt - coskx +

N
k=1

+/ f(t)sinktdt - sin kx]

- N
% / f(t) [% + Z(cos kt cos kx + sin kt sin kx)} dt =
- k=1
- N
_ %/ £+ D (cos k(e — )] dt
- P

1
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2. SUM OF COSINES FORMULA DERIVATION

We use a formula for the sum of the geometric series Sp_, €% as in [Hir]
and for convenience presented with modifications in Section 5.

N
(2.1) Ze”‘w Z cos ky + isin kep)
k=1
smNcp/Q . sin Ny /2
= N+1)p/2 N+1)p/2)—————
cos((V + 1)/ 2) 82 sin((N + 1)/2) 2
where 72 = —1. Computing from equations
(2.2) sin(a £+ ) = sinacos § £ cos asin
and
(2.3) cos(a £+ B) = cosawcos f F sinasin 4
we obtain
1
(2.4) cosasin § = i(sin(a + ) — sin(a — B))
: : 1
(2.5) sinasin § = —5(003(04 + ) — cos(a — fB))
and we can substitute
(2.6) a=(N+1)p/2 [=Nyp/2
(2.7) a+B8=Np+¢/2 a—-pF=yg/2
After computations we arrive at
1
(2.8) Zsm ko =— cos(N<p + ¢/2) — cos @/Q)Sin o/
1
(2.9) Zcos ko = sm(ng +¢/2) —sinp/2) -

From equation (2.9) we receive

1 sin(No + ¢/2)
(2.10) 5+ > coskyp = :
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3. APPLYING THE SUM OF COSINES FORMULA

We apply the formula from equation (2.10) for the sum of cosines having
¢ =t —x in equation (1.4)

(3.1) 71T / ") Sm(N(;Si_n?jg /_2 /2 g

We substitute t — z = u. Then we have the result obtained in [Tol|

(3.2) sn(z) = %/W—f flz+u) Sin(QJZiZZ:/lQL/Q) du =
I sin(Nu + u/2)
:;/ﬂf(x—i—u) 2sinu/2 du

Now we substitute in equation (3.2) Nu = «. Then we have v = a/N,
u/2 = «a/2N, du = da/N. For the limits of integration if w = —7 then

a = —N7 and if u = 7 then o = N7. In this way we obtain
IR sin(a+ a/2N)
(3.3) sn(x) - _Nﬂf(a:+a/ ) N sina /2N da
I sin(a + a/2N)
== N d
e e AN (a2 4@

4. TAKING THE LIMIT AND THE FINAL RESULT

In particular for N — oo

(4.1) A sy () =
oy L N N sin(a +a/2N)
= s et el N e N a2 ¢

We notice that in the numerator above

(4.2) lim sin(a 4+ «/2N) =sina

N—oo

and in the denominator we have the limit

(4.3) lim a(sina/2N)/(a/2N) = «

N—o0
what is in agreement with the known limit

inv
sind _

(44) T

where ¥ = a/2N.
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In this way we receive

(4.5) s(x) = ]\}gréo sn(x) =
1 [ ' 1 °° si
L R = Ly [

=~ f()m = (2)

We have shown that if f(x) is periodic and piecewise smooth function, then
its Fourier series converges pointwise to f(z) at all points of continuity of f.
To compute the Dirichlet integral

o -
sin «
/ da
VG

we have used the result from Sections 5 and 6.

5. GEOMETRIC SERIES EVALUATION

Here we evaluate the sum of the geometric series as in [Hir|

N
(5.1) Sy =) eh?
k=1
We write
(5.2) Sy =€ 4+ 29 4B 4 4 elVY

We multiply the above equation by ¥ on both sides obtaining
(5.3) Sy = e + €% 4 4 NP 4 I NHDP

Now we subtract equation (5.3) from equation (5.2) and we receive
(5.4) Sy — €9Sy = i — N+

what can be rewritten as

(5.5) Sn(1 =€) = ¢¥ — elN+De
From equation (5.5) we compute the partial sum Sy as
el ei(NJrl)go 61’(N+1)4p — el _etNe _ 1
(5.6) Sy = T el T
1—ew ew —1 ew —1
i eiNcp -1 o) eiN<p -1

eie/2(eiw/2 — c=ivf2) € ez _ ez
261N¢/2 - e—iNcp/2 _ ei(sz—Hp)/Q eiN<p/2 o 6—2’N4p/2 _
elp/2 _ o—ip/2 eip/2 _ o—ip/2
i(Nso+w)/2M
sin(¢/2)

— /2,iNg/

=€
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Then we can write

N .
— ik _ i(Np+yp)/2 Sln(N90/2>
(5.7) Sy Z e e —sin(cp/2)

and therefrom we obtain

N N
(5.8) Sy = Zeik‘p = Z(cos kp + isinkyp)
k=1 k=1
_ itNprp)28 N 9/2)
sin(p/2)
smN<,0/ . sin Ny /2
= 2 N +1)p/2
cos((N + )p/2) " 2L sV + Dypf2) e 2
what gives
al sin Ny /2
: ko = N 2
(5.9) ;cos @ =cos((N +1)p/2)—— Sn )
al sin Ny /2
1 inke =sin((N + 1)p/2
(5.10) kz:;sm e =sin((N +1)p/2)——— Sn )2

6. DIRICHLET INTEGRAL EVALUATION

We have written previously in Section 2 that

sin(Np +¢/2) 1
1 =— k
(6.1) 2sin g2 —|—Zcos @

We integrate both sides of the above equation from —m to 7

T sin(Ny + ¢/2) _1/7r al /7r
(6.2) /W 2sin )2 dgp—2 B dgo~|—kz:; 7Wcoskg0dg0

receiving

T sin(Np + ¢/2) B
(6:3) /7r 2sin /2 dp=m
because
(6.4) / coskpdp =0

for any value of k in the sum Zivzl above.
Now we substitute as before Ny = a. Then we have ¢ = a/N, ¢/2 =
a/2N, dp = da/N. If ¢ = —7 then
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a = —N7 and if ¢ = 7 then o = Nm. After substitutions we may write
that
Nm _:
sin(a + o/2N)
6.5 do =
(6.5) /_NW ONsina/2N O "

and after taking the limit N approaching infinity we arrive at

(6.6) / Y Jo =7

o ¢

in a similar way like at the evaluation of the limit of partial sum of the

Fourier series.
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