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Abstract

We propose a procedure which allows to prove the Fourier integral
theorem using substitutions with limits in the Fourier integral and the
Dirichlet integral value.

1 Introduction

In the Fourier integral in [1] on page 188 we introduce a limit and
two substitutions to prove that it equals to f(x) which is a function
absolutely integrable on the whole Ox axis. In our proof we will use
the Dirichlet integral value which equals to π.

2 Fourier integral theorem

The Fourier integral theorem states that

1

π

∫ ∞

0
dλ

∫ ∞

−∞
f(u) cosλ(u− x) du (2.1)

equals to the function f(x).
We can prove it as follow. We suppose that f(x) is absolutely

integrable on the whole Ox axis. Then we can write

1

π

∫ ∞

0
dλ

∫ ∞

−∞
f(u) cosλ(u− x) du = (2.2)

= lim
L→∞

1

π

∫ L

0
dλ

∫ ∞

−∞
f(u) cosλ(u− x) du

1



and we obtain ∫ L

0
dλ

∫ ∞

−∞
f(u) cosλ(u− x) du = (2.3)

=

∫ ∞

−∞
du

∫ L

0
f(u) cosλ(u− x) dλ =

=

∫ ∞

−∞
f(u)

sinL(u− x)

u− x
du

We introduce substitution u− x = v and receive∫ ∞

−∞
f(x+ v)

sinLv

v
dv (2.4)

Now we substitute Lv = w and we have∫ ∞

−∞
f(x+ w/L)

sinLv

Lv
dLv =

∫ ∞

−∞
f(x+ w/L)

sinw

w
dw (2.5)

We can state that

1

π

∫ ∞

0
dλ

∫ ∞

−∞
f(u) cosλ(u− x) du = (2.6)

= lim
L→∞

1

π

∫ ∞

−∞
f(x+ w/L)

sinw

w
dw =

1

π

∫ ∞

−∞
f(x)

sinw

w
dw =

=
1

π
f(x)

∫ ∞

−∞

sinw

w
dw =

1

π
f(x)π = f(x)

what concludes our proof of the Fourier theorem.
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